Standard States and the Gibbs-Duhem Equation for Nonisothermal
or Nonisobaric Phase Equilibria

During the last decade attention has
been drawn to the fact that the Gibbs-
Duhem equation, as originally formu-
lated many years ago, is not applicable
to a two-phase, two-component sys-
tem since it is impossible to vary the
composition of such a system without
simultaneously changing either the
temperature or the total pressure. Ibl
and Dodge (1), and more recently
Van Ness (3), have derived a gener-
alized Gibbs-Duhem equation which,
unlike its historical antecedent, does
not specify both constant temperature
and constant pressure. In its most use-
ful form the Gibbs-Duhem equation is
expressed in terms of activity coeffici-
ents. The above-named authors both
present equations in terms of activity
coefficients, but both of them have
restricted themselves to the case
where the activity coefficients refer to
the pure components in the same phase
and at the same temperature and pres-
sure as those of the solution. The pur-
pose of this note is to show that this
is not an essential restriction but that
it is possible to derive a generalized
Gibbs-Duhem equation for any set of
convenient standard states.

It is frequently convenient to choose
a standard state other than that speci-
fied by Ibl and Dodge and Van Ness.
For example if one is concerned with
a solution of a gas (or a solid) in a
liquid, it is common to use a standard
state for the solute referred to either
the infinitely dilute solution or the
saturated solution under specified con-
ditions (2). Below is given a brief
derivation of a generalized Gibbs-
Duhem equation which permits use of
any suitable standard states for the
activity coeflicients of both solute and
solvent. The standard states may be,
but need not be, the same for both
components, although they must each
be at some fixed composition. The only
other restriction is that the standard
state should always be at the same
temperature as the solution. This is a
necessary restriction if one wishes to
use activity coeflicients which are con-
sistent with the isothermal definition
of the activity function in terms of
chemical potential.

Van Ness has shown (3) that the
generalized Gibbs-Duhem equation in
terms of fugacities is
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To express Equation (1) in terms of
activity coefficients substitute
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Equation (1) then becomes
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Two cases may now be considered.
The standard state should be at the
same temperature as the solution, but
it can be defined either at a fixed pres-
sure or at some variable pressure.
Case 1. The standard state fugacity
is defined at a fixed pressure, fixed
composition, and at the temperature
of the solution. This case is most use-
ful for isothermal data but is not re-
stricted to such data. A common ex-
ample of such a case occurs in treating
isothermal data for a mixture of lig-
uids where the standard state fugacity
may be taken as that of the pure lig-
uid at the temperature of the solution
and under its own vapor pressure. An-
other example is the case of a gas dis-
solved in a nonvolatile liquid; the
standard state fugacity of the solute
may be taken as the fugacity of the
gas in a solution saturated at the tem-
perature of the solution and at some
arbitrarily fixed pressure. Finally, a
frequently used standard state for iso-
thermal data is to refer to the infi-
nitely dilute solution at the tempera-
ture of the solution and at the vapor
pressure of the solvent; the standard
state fugacity for a gaseous solute
(component 2) in a liquid is given by
the Henry’s law constant H as deter-
mined by
H = limit (-f—)
x>0 x

When the standard state fugacity is
independent of pressure, substitute
into Equation (2) the common ther-
modynamic relation valid at constant
pressure
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In Equation (3a), as well as in (3b)
below, ah is the enthalpy change
which is observed when all the com-
ponents in their standard states are
mixed isothermally to form one mole
of solution. For example in a solution
of solute and solvent, if the standard
state for the solute is referred to the
infinitely dilute solution, whereas the
standard state for the solvent is the
pure liquid, then Ah is the heat of dilu-
tion (to infinite dilution) multiplied
by minus 1.

Case 2: The standard state fugacity is
defined at a fixed composition, at the
temperature of the solution, and at a
pressure which varies in some arbi-
trary way with the composition. Usu-
ally the pressure chosen is the total
pressure which corresponds to a given
composition, but this choice is strictly
one of convenience, not of thermody-
namic necessity. The standard state
which is most frequently employed by
chemical engineers in the thermody-
namic treatment of phase-equilibrium
data is the pure component at the
temperature and total pressure of the
solution and in the same phase as the
solution. (A disadvantage of this choice
is that it unavoidably introduces hy-
pothetical standard states.) However
sometimes it-is more convenient to use
other standard states. For example for
isothermal data for gas-liquid solutions
at advanced pressures it is useful to
refer the standard state for the solute
to the infinitely dilute solution at the
temperature and total pressure of the
solution. In that case the fugacity of

the standard state for the solute
(component 2) is given by
1 ¢*
2 =Hexp—J v°dP
f eXP RT Py

where H is as defined above and is a
function only of temperature.
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Since the standard state fugacity is
now a function of pressure as well as
of temperature, the appropriate rela-
tion which must be substituted into
Equation (2) is

h{k — h"o
dinf' = (——7{;[?—

If P’ is chosen to be the total pres-
sure P, substitution yields

v’
T + — dP°
o 5

hdT
avdP ahdl X iy, (3b)
RT RT® i
where

AV =V — 33X 0
4

Equations (3a¢) and (8b) are useful
forms of the Gibbs-Duhem equation in
terms of activity coeflicients for equi-
libria under nonisothermal or noniso-
baric conditions. The activity coeffi-
cients may refer to any suitably chosen
standard state which may or may not
be the same for all components in the
solution. Equation (3a) considers the
case where each standard state is
taken at some fixed pressure. Equation
(3b) considers the case where all the
standard states are taken at the total
pressure of the solution. In both Equa-
tions (3a) and (3b) all the standard
states should be taken at the tempera-
ture of the solution in order to retain
the thermodynamic significance of
activity coefficient which is based on
the isothermal definition of activity in
terms of the chemical potential.

There are two important advantages
which are obtained when the standard
state chosen is not the pure compo-
nent in the same phase and at the
same temperature and pressure as
those of the solution. One advantage
is that hypothetical standard states are
thereby avoided, and thus the prob-
lem of evaluating self-consistent ther-
modynamic properties of nonexisting
substances is eliminated. The other
advantage, which is not generally
appreciated, is that by appropriate
choice of standard states the correc-
tion terms on the left-hand side of
Equation (3b) can be made suffici-
ently small to be negligible; when this
is the case, testing data for thermo-
dynamic consistency or representing
activity coefficient data in terms of
simple empirical equations are both
very much simplified. For example
consider the case of a gas—liquid
solution where isothermal data are
taken at variable (and high) pressures.
If the standard state for the heavy
component 1 is the pure liquid, but
that for the light component 2 refers
to the infinitely dilute solution, both
at the total pressure of the solution,
then
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Now if all the data are remote from
the critical conditions, then it is often
a good approximation to assume that
v, and v. do not vary significantly with
composition, in which case Av = 0.
Hence, even though the pressure may
be quite large, it becomes a good ap-
proximation in this case to apply the
simple Gibbs-Duhem equation

tvdlny +xdhny. =0

By proper choice of standard states
then, it is frequently possible to sim-
plify thermodynamic treatment of non-

isobaric or nonisothermal solution
data.
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NOTATION

f = fugacity of component ¢ in
solution

f* = fugacity of component i in

standard state

H = Henry’s law constant

h = molar enthalpy of the solution

h;* = molar enthalpy of component
i in ideal gas state

h," = molar enthalpy of component
i in standard state

P = total pressure of solution

P° = pressure of standard state

P = saturation (vapor) pressure

R = gas constant

T = absolute temperature

v = molar volume of the solution

v, = molar volume of component i
in standard state

v; = partial molar volume

v,° = partial molar volume of com-
ponent i at infinite dilution

x. = mol fraction of component i

ys = activity coefficient of compo-

nent
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